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We study a simple one-dimensional (1-D) toy model for landslides-generated
nonlinear water waves. The landslide is modeled as a rigid bump translat-
ing down the side of the bottom while the water motion is modeled by the
Saint-Venant system of shallow water equations. The resulting system is nu-
merically solved using a well-balanced positivity preserving central-upwind
scheme. The obtained numerical results are in good agreement with both the
two-dimensional (2-D) incompressible flow numerical simulations and the ex-
perimental data.

1 Introduction

Landslides-generated water waves are of great interest to both ocean scien-
tists and coastal and dams-keeping engineers. These landslides are natural
phenomena that occur under certain conditions such as erosion, earthquakes,
storms, heavy rainfalls, or water level fluctuations. In this paper, we study
submarine landslides, which are capable of generating several types of long
waves, including very powerful and destructive tsunami waves.

Modeling of landslides-generated water waves is based on two components:
the description of the motion of the boundaries of the fluid domain and the
equations governing the water motion. In this paper, we will consider a simple
1-D toy model for landslides-generated water waves. The landslide is modeled
by a rigid bump that loses its equilibrium and begins to translate down the
side of the bottom (see, e.g., [GW05, Hei92, HPH01]). The water motion is
described by the Saint-Venant system of shallow water equations [SV1871],
which is commonly accepted approximation governing long wave propagation
in deep ocean as well as in near-shore regions, including inundation. In the
1-D case, the studied system is:
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{
ht + (hu)x = 0,

(hu)t +
(
hu2 +

1
2
gh2

)
x

= −ghBx,
(1)

where h is the fluid depth above the bottom, u is the velocity, g is the grav-
itational constant, and B represents the bottom elevation. Here, the only
difference from the original Saint-Venant system is that the bottom topogra-
phy function B = B(x, t) is considered as a function not only of the space
variable x, but also of the time t.

In the past few decades, a wide variety of reliable finite-volume meth-
ods for the Saint-Venant system has been developed. We refer the reader to
[ABBLP04, JW05, KL02, KP, NPPN06, XS06] for just several recently pro-
posed methods. In the context of tsunami waves propagation, the shallow
water equations have been recently numerically solved in [GL06].

In order to accurately capture landslides-generated water waves, a numer-
ical method should possess two very important properties. First, it should
be well-balanced, that is, it should exactly preserve stationary steady states
(h+B ≡ const, u ≡ 0, Bt ≡ 0). Otherwise, even tiny perturbations of steady-
state solutions may lead to “numerical storm”, which would make the reso-
lution of long water waves impossible due to their extremely small amplitude
during the deep ocean propagation stage. The second important property of a
good numerical method is the ability to preserve positivity of the water depth
h. This feature is crucial for capturing water waves in near-shore regions and
especially for resolving the inundation stage, when initially dry (h = 0) coastal
areas flood after the wave hits the coastal line and then slowly drains out.

In this paper, we numerically solve the model (1) by the second-order
central-upwind scheme from [KP]. This scheme is both well-balanced and
positivity preserving. It is also capable of treating discontinuous bottom to-
pographies. Furthermore, its extension to the case of time-dependent B is
straightforward. We describe our method in §2 and present the obtained nu-
merical results in §3.

2 Description of the Central-Upwind Scheme

In this section, we describe a second-order semi-discrete well-balanced positiv-
ity preserving central-upwind scheme for the system (1). This scheme belongs
to the class of high-resolution non-oscillatory Godunov-type central schemes
first introduced in [NT90]. Compared to upwind finite-volume methods, the
central schemes enjoy the advantages of simplicity, robustness, and universal-
ity. However, the numerical dissipation of the staggered central schemes, for
example the one from [NT90], is relatively large, which is especially promi-
nent when the system is integrated for large times. In [KL07, KNP01, KT00],
a new class of so-called semi-discrete central-upwind schemes has been intro-
duced. These schemes enjoy all major advantages of Riemann-problem-solver-
free central schemes, while their dissipation is lowered by incorporating some
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upwind information about local speeds of propagation into the central set-
ting. Central-upwind schemes have been applied to the Saint-Venant system
in [KL02, KP].

For simplicity, we introduce a uniform grid xα := α∆x, where ∆x is a small
spatial scale, and we denote by Ij the finite volume cells Ij := [xj− 1

2
, xj+ 1

2
].

We assume that at a certain time level t the computed solution is al-
ready available. We then replace the bottom topography function B(·, t) with
its continuous piecewise linear approximation B̃(·, t), consisting of the linear
pieces that connect the points (xj+ 1

2
, Bj+ 1

2
):

B̃(x, t) = Bj− 1
2

+
(
Bj+ 1

2
−Bj− 1

2

)
·
x− xj− 1

2

∆x
, xj− 1

2
≤ x ≤ xj+ 1

2
, (2)

where Bj+ 1
2

:= (B(xj+ 1
2
+0, t)+B(xj+ 1

2
− 0, t))/2, which reduces to Bj+ 1

2
=

B(xj+ 1
2
, t) if B(·, t) is continuous at x = xj+ 1

2
. Note that {Bj+ 1

2
}, like all

other quantities reconstructed at time level t, depend on t, but we suppress
this dependence in order to simplify the notation.

A central-upwind semi-discretization of (1) is the following system of
ODEs:

d

dt
Uj(t) = −

Hj+ 1
2
(t)−Hj− 1

2
(t)

∆x
+ Sj(t), (3)

where Uj(t) are approximations of the cell averages of the solution:

Uj(t) ≈ 1
∆x

∫

Ij

U(x, t) dx, U := (h, q)T , q := hu,

Sj is an appropriate discretization of the cell averages of the source term
S := (0,−ghBx)T :

Sj(t) =
(

0,−ghj

Bj+ 1
2
−Bj− 1

2

∆x

)T

≈ 1
∆x

∫

Ij

S(U(x, t), B(x, t)) dx,

and the central-upwind numerical fluxes Hj+ 1
2

are given by:

Hj+ 1
2

=
a+

j+ 1
2
F(U−

j+ 1
2
)− a−

j+ 1
2
F(U+

j+ 1
2
)

a+
j+ 1

2
− a−

j+ 1
2

+
a+

j+ 1
2
a−

j+ 1
2

a+
j+ 1

2
− a−

j+ 1
2

[
U+

j+ 1
2
−U−

j+ 1
2

]
.(4)

Here, F(U) := (q, q2/h+gh2/2)T , and U±
j+ 1

2
= (h±

j+ 1
2
, q±

j+ 1
2
) are the right/left-

sided values of the piecewise linear reconstruction Ũ = (h̃, q̃) at x = xj+ 1
2
.

For the discharge q, we have:

q̃(x) := qj + (qx)j(x− xj), xj− 1
2

< x < xj+ 1
2
, (5)

where the numerical derivative (qx)j is (at least) first-order, componentwise
approximation of qx(xj , t), computed using a nonlinear limiter needed to en-
sure a non-oscillatory nature of the reconstruction (5). We use the generalized
minmod limiter (see, e.g., [KT00, KNP01, LN03, NT90]):
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(qx)j = minmod
(

θ
qj − qj−1

∆x
,

qj+1 − qj−1

2∆x
, θ

qj+1 − qj

∆x

)
, θ ∈ [1, 2], (6)

where the minmod function is defined as:

minmod(z1, z2, ...) :=





minj{zj}, if zj > 0 ∀j,
maxj{zj}, if zj < 0 ∀j,
0, otherwise.

The parameter θ can be used to control the amount of numerical diffusion
present in the resulting scheme. In our numerical experiments, we have used
θ = 1.

As suggested in [KP], the well-balanced and positivity preserving property
of the scheme is guaranteed if instead of reconstructing the water depth h,
we perform a reconstruction for the fluid level w := h + B, and then use it to
compute h±

j+ 1
2

:= w±
j+ 1

2
−Bj+ 1

2
. To this end, we first construct w̃ in the same

way as q̃ was constructed in (5)–(6), with wj := hj +(Bj− 1
2
+Bj+ 1

2
)/2. Then,

we correct the obtained w̃ in the following two cases (see [KP] for details):

if w−
j+ 1

2
< Bj+ 1

2
, then take w−

j+ 1
2

:= Bj+ 1
2
, w+

j− 1
2

:= 2wj −Bj+ 1
2
,

if w+
j− 1

2
< Bj− 1

2
, then take w−

j+ 1
2

:= 2wj −Bj− 1
2
, w+

j− 1
2

:= Bj− 1
2
.

This correction procedure guarantees that the resulting reconstruction w̃ will
stay above the piecewise linear approximant (2) of the bottom topography
function. Therefore, the reconstructed values h±

j+ 1
2

will be nonnegative.
To be able to accurately and efficiently treat (almost) dry regions, we also

need to make a modification in the calculation of the velocities u±
j+ 1

2
so that

division by very small values of h is avoided. To achieve this goal, we follow
[KP] and set:

u±
j+ 1

2
:=

√
2 h±

j+ 1
2

q±
j+ 1

2√(
h±

j+ 1
2

)4

+ max
((

h±
j+ 1

2

)4

, ε

) , (7)

where ε is a small a-priori chosen positive number (in our numerical experi-
ments, we have taken ε = (∆x)4). Note that formula (7) can be replaced by an
alternative desingularization strategy, but we selected this since (7) reduces
to u±

j+ 1
2

= q±
j+ 1

2
/h±

j+ 1
2

for large values of h. Next, we recompute the discharge
q using:

q±
j+ 1

2
:= h±

j+ 1
2
· u±

j+ 1
2
,

where u±
j+ 1

2
are given by (7). Equipped with the values of h±

j+ 1
2

and u±
j+ 1

2
, we

compute the one-sided local speeds of propagation a±
j+ 1

2
, needed in (4):
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a+
j+ 1

2
= max

{
u+

j+ 1
2

+
√

gh+
j+ 1

2
, u−

j+ 1
2

+
√

gh−
j+ 1

2
, 0

}
,

a−
j+ 1

2
= min

{
u+

j+ 1
2
−

√
gh+

j+ 1
2

, u−
j+ 1

2
−

√
gh−

j+ 1
2

, 0
}

.

Finally, the fully-discrete central-upwind scheme is obtained by solving
the system of ODEs (3) by a stable ODE solver of an appropriate order.
In our numerical experiments, we have used the third-order strong stability
preserving Runge-Kutta ODE solver from [GST01].

3 Numerical Results

In this section, we numerically solve a test problem from [Hei92], where both
numerical and laboratory experiments were presented. The laboratory exper-
iments were carried out in a 20 × 0.55 × 1.50 m channel, where the water
waves were generated by letting a triangular box slide down an inclined plane
with a 45◦ slope. The shore is modeled by a second plane with a 15◦ slope.
The box, a right isosceles triangle with 0.5 m sides, is initially 1 cm below the
undisturbed free surface, and thus the bottom function at time t = 0 is given
by (see Figure 1):

B(x, 0) =





−αx, x ≤ 0,
−x, 0 ≤ x ≤ 0.01,
−0.01, 0.01 ≤ x ≤ 0.51,
−x, 0.51 < x ≤ 1,
0, x ≥ 1,

(8)

where the shore slope is α = tan(π/12), and the initial condition is:

h(x, 0) = max {1−B(x, 0), 0} , q(x, 0) ≡ 0. (9)

Stopping Buffer

Fig. 1. Initial bottom topography

In [Hei92], the water motion is described by the 2-D incompressible Euler
equations with free surface, which are numerically solved using the NASA-
VOF2D code [TCMH85]. The numerical results reported in [Hei92] are com-
parable with the laboratory experiments.
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Here, we obtain similar results, using the much simpler shallow water
model (1) with an added friction term:





ht + qx = 0,

qt +
(q2

h
+

1
2
gh2

)
x

= −ghBx − κ(h)u.
(10)

In our numerical experiments, we have taken the friction coefficient κ(h) =
0.1/(1 + 10h).

We numerically solve the system (10) subject to the initial condition (9)
and the initial bottom topography (8). Following [GW05], we describe the
motion of the triangular box by the displacement of its center of mass from
its initial position:

S(t) =

√
2π(γ + 1)

4
ln

(
cosh

(
t
√

2g(γ − 1)
(γ + 1)

√
π

))
. (11)

Here, γ is the ratio of the bulk and water densities. In our numerical experi-
ments, γ = 1.925 and the gravitational constant g = 9.812.

Equations (11) and (8) give a closed formula for the function B(x, t) partic-
ipating in the studied system (10), which is numerically solved by the central-
upwind scheme. The cell average of the friction term in (10) is approximated
using the mid-point rule, which affects neither the well-balanced nor the pos-
itivity preserving properties of our scheme.

The water surface, computed on both coarse (with ∆x = 1/25) and fine
(with ∆x = 1/200) uniform grids is shown in Figures 2–3, where snapshots of
the solution are taken at times t = 0.5, 1, 1.5, 2, 2.5, 3, 3.5, and 4. Clearly,
the downward motion of the triangular box generates a nonlinear water wave.
While the left counterpart of this wave hits the shore (see Figure 2, t = 1.5
and 2), the right counterpart gradually forms a stable “tsunami-like” shape
that travels across the channel (see Figure 3, t = 2.5, 3, 3.5, and 4). Our
results are in good agreement with the ones reported in [Hei92].
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